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LATIICE THEORY OF FACE-SHEAR AND THICKNESS-TWIST
WAVES IN F.C.C. CRYSTAL PLATES

KEVIN J. BRADyt

Bell Telephone Laboratories. Inc.• Murray Hill. New Jersey

Abstract-Finite difference equations of motion of the sixth order and the associated boundary conditions for
principal planes are formulated for a f.c.c. lattice of mass particles. The equations are solved for face-shear and
thickness-twist waves in a plate with free faces. Computations of mode-shapes and the frequency spectrum
are presented for copper and the results are compared with a previous solution for a simple cubic material and
with the solution of the classical equations of elasticity.

1. INTRODUCTION

ONLY a few examples oflattice vibrational waves have been worked out for plates with free
faces: Gazis and Wallis have examined the lowest mode of extensional motion [1] and the
lowest mode of flexural motion [2] in an infinite plate of material with simple cubic sym­
metry and, for the same type of plate, Mindlin [3] has found the complete spectrum of
face-shear and thickness-twist waves-i.e. waves with displacement and wave normal at
right angles to each other and parallel to the faces of the plate. In all three examples, the
difference equations of motion and boundary conditions employed were those formulated
by Gazis et al. [4] for a simple cubic lattice in which account is taken of nearest and next
nearest neighbor central force interactions and their special type of angular interaction
between three non-collinear atoms. The purpose of the present paper is to describe the
solution for f.c.c. crystals analogous to the problem solved by Mindlin [3] for the simple
cubic case.

Equations ofmotion ofa f.c.c.lattice, with two central force interactions and two angular
interactions of the type introduced by Gazis et al. [4], have been formulated by Yuen and
Varshni [5]. The central force interactions between nearest neighbor atoms [Fig. l(a)] and
between next nearest neighbor atoms [Fig. l(b)] both lead to finite difference equations of
motion of the fourth order; and the two angular interactions considered by Yuen and
Varshni [Figs. l(d) and l(e)] also yield as high as, and only as high as, fourth order terms in
the equations. There is a third angular interaction [Fig. l(c)] which also contributes fourth
order operators to the equations of motion and, furthermore, the sum of the distances
between the three participating atoms is less than that for the angular interactions taken
into account by Yuen and Varshni so that the additional angular interaction might be
thought to be of importance. Nevertheless, when investigations were made of the effects of
substituting this third angular interaction for the two considered by Yuen and Varshni and
also ofadding the third angular interaction to the Yuen and Varshni model, it was found that
in the former case, the results were inferior to and, in the latter case, almost the same as
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FIG. 1. Typical interactions and associated difference operators for a f.c.c. lattice.

those of Yuen and Varshni. These conclusions were based on the closeness of match
obtainable between the computed dispersion curves for longitudinal and transverse bodily
waves in the [100], [llO] and [lll] directions and those found from neutron diffraction
measurements with copper by Svensson et al. [6], as shown in Fig. 2.

A further effort to improve the equations was somewhat more successful at little cost in
additional complexity. Admission of sixth order difference operators, in the equations of
motion, was found to require the addition of only two more angular interactions [Figs. l(f)
and l(g)] and no further central force interactions. The resulting equations produced a small,
but significant, improvement in the match with the Svensson et al. data, as shown in Fig. 2.
These equations, along with the appropriate boundary conditions, were used to calculate
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the mode-shapes and complete frequency spectrum for a family of face-shear and thickness­
twist waves with wave-normal and displacement in principal crystallographic directions in a
plate bounded by principal crystallographic planes.

Although the solution for the plate off.c.c. material is far more complicated than the one
found by Mindlin [3J for the simple cubic case, the computed results are almost indistin­
guishable-although there are some qualitative differences ofsmall magnitude. Accordingly,
in generaL the difference between the lattice solution and the solution based on the continu­
um theory of elasticity is about the same whether the lattice solution is for the simple cubic
or the f.c.c. case.

Regarding the frequency spectrum (Fig. 4) there are as many real branches as there are
layers of atoms across the thickness of the plate-in contrast to the infinity of branches
in the continuum theory of elasticity. Each real branch has a low frequency cut-off at
infinite wave length; but the cut-off frequencies are not integral multiples of the lowest,
non-zero one, as they are in the continuum solution. As the wave length diminishes, each
branch approaches a high frequency cut-off, whereas the frequencies in the continuum case
approach infinity. The lattice frequencies are near the continuum frequencies only in the
region where the wave lengths both along and across the plate are long in comparison with
the distance between nearest neighbor atoms-i.e. in the lower left hand comer of Fig. 4.
To the scale to which Fig. 4 is drawn, the difference between the spectra for simple cubic and
f.c.c. is not noticeable.

As for mode-shapes across the thickness of the plate, the simple cubic and f.c.c. cases
differ qualitatively. The displacements, in the former case, lie on sinusoids with real argu­
ments; but, in the latter case, the displacements for each mode lie on a curve which is the
sum ofa sinusoid with a real argument and one with a complex argument, so that there are
exponential parts (decaying inward from the surfaces). However, those parts are, compara­
tively, very small. At long wave lengths across the plate, the mode-shapes differ little from
the continuum case, as illustrated in the lower portion of Fig. 5. However, the difference
increases markedly as the wave length across the plate diminishes-i.e. as the order of the
mode increases. Finally, whereas, in the simple cubic and continuum cases, the mode-shape
across the thickness of the plate does not change, for a given order of mode, with change of
wave length along the plate, there is a slight change in the f.c.c. case. This change, and also
the difference between the simple cubic and f.c.c. mode-shapes, are not perceptible on the
scale to which Fig. 5. is drawn.

2. FORCES ON A PARTICLE

Consider a f.c.c. lattice of identical particles of mass M. The particles occupy positions
(PIa/2, pza/2, P3a/2), denoted as P, where a is the lattice constant. The indices P,., oc = 1, 2, 3
are integers with their sum always equal to an even integer. The potential energy of the
lattice, U, is assumed to be:

(1)

where ApQ is the change in the distance between the particles at P and Q and bOpQR is the
change in the angle whose vertex is at particle Q and whose arms extend to the particles at
Pand R.
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The potential energy is expanded in a Taylor series about the equilibrium configuration,
keeping only the harmonic terms:

where

1~ 2 1 ~ (J2
U = '2 L. U(Q, R)L\QR+'2 L. U(Q, R, S)~ QRS'

Q,R Q.R,S

a2 u a2u
U(Q, R) = ~ A 2 = U(R, Q), U(Q, R, S) = ~!>:(J2 = U(S, R, Q),

UUQR UU QRS

(2)

where the derivatives are evaluated at the equilibrium configuration. Then, if Up is the
displacement vector of particle P, the force on it is :

Fp = - au = _ ~ U(Q, R)A -RaL\QR - ~ U(Q R S)~(J a~(JQRS (3)
aup QL.,R 4l aup L. " QRS~'Q,R,S p

where the first summation represents the central force terms and the second summation
represents the angular force terms.

(a) Central force terms

Let the reference and deformed vectors extending from particle R to particle Qbe t QR
and f QR respectively. Then

(4)

and

F or displacements that are small compared to t QR'

t QR
~R = ,tQR! 0 (UQ- UR) == DQR 0 (UQ- UR)

then

(5)

(6)

(7)

Now, due to the translational symmetry of the lattice, the coefficients U(P, Q) depend
solely on the magnitude of the vectortpQ• Therefore, define:

3

h« = g« - PI%' (X = 1, 2, 3, UQ - Up = L e«A.:. 1I2113, A(h 1h2 h3 ) = 2U(Q, P)
«=1

then
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(8)

where e«, 0( = 1, 2, 3 are unit vectors parallel to the three axes of the cube. Then, the central
force contribution to the force on particle P is :

Fp = - L U(Q,R).1.QiIQR[bpQ-bPR] = 2I U(Q,P).1.Q"DQP,
Q.R Q

_" ~ A(h1 h2h3)eph«hpAhlh2h3
- L. L. 2 2 2

hlh2h3 «.P = 1 (hI +h2+h3)

This summation is continued over both positive and negative values of the indices hI' h2, h3

up to some limiting value H = (hi + h~ + h~)!, where Ha/2 is the limit on the distance
between interacting particles. From the translational symmetry of the lattice, A(h1h2h3) =
A(h1h2-h3), etc. The summations over positive and negative values of the indices can
therefore be replaced by summations over non-negative values. When this is done, the
central force contribution to the force on particle P is:

H 3 3

Fp = L n (1-!bh•o) I A(hlh2h3)e«[h;Oo(Ahlh2h3)+le«pylh«hpOy(Aflh2h3)]' (9)
hl.h2.h3=Oe= 1 «.P.y= 1

where e«py is the alternator tensor,

and the difference operators are:

00(Ahlh2h3) = Ahlh2h3 +A.I,.h2-h3 +Ahl -h2h3 +Ahl -h2 -h3 +A~hlh2h3 +A~hlh2-h3+A~hl -h2h3

+ Ahl- h2 -h"

0 1(Ah 1h2h3) = Ah,h2h, +A~h,h2h.' +Ahl -h2 -h3 +A~h, -h2 -h3 - A~lh2 -h3 - A~hlh2 -h3 - Ah, -h2h3

-A~hl-h2h"

02(Ah1h2h3) = Ah,h2h3+Ah, -h2h3 +A~h,h2 -h3 +A~h, -h2 -h3 - Ahl h2 -h3 - Ah, -h2 -h3 - A.~h,h2h3

- A~ hl-h2h3'

03(Ah,h2h3) = Ah,h2h3 +Ah,h2 -h3 +A~hl -h2h3 +A~hl -h2 -h3 - Ahl -h2h3 - Ah, -h2 -h3 - A~hlh2h3

- A~hlh2 -h,' (10)

(b) Angular force terms
Let the angles formed at particle R by the vectors extending from R to the particles at

Q and S be OQRS and OQRS in the reference and deformed states respectively, with OQRS =

0QRS +bOQRS ' Then, for IbOQRSI « 1, and for displacements small compared to the reference
vectors,

bOQRS = (cos OQRS-COS 0QRs)/sin 0QRS

= {UR 0 [tQR +tSR -(DQRltsRI +DSRltQRI)(DQR 0 DsR)] - UQ0 [tSR -DQRltsRI(DsR oDQR)]

- Us 0 [tQR-DsRltQRI(DsR 0 DQR)]}~tQR x tsRI (11)

for OQRS :F 0, n. Then

a~~:s = {bRP[tQR +t SR - (DQRltsRI +DSRltQRI)(DQR 0 DSR)] - bQP[tSR - DQRltSRI (DQR 0 DsR)]

- bsp[tQR-DsRltQRI(DsR 0 DQR)]}MQR x tsRI. (12)
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The angular force contribution to the force on particle P is then:

Fp = - I U(Q, P, S)c50QPs[tQp+tsp-(OQ,.!ts,.! +os,.!tQ,.!)(OQP 0 0sp)JAtQP xts,.!
Q.s

+ L U(P, R, S)c50PRs[tsR -OPRltsRI(oPR 0 0SR)JAtSR x tPRI
R.S

+ L U(Q, R, P)c50QRP[tQR-oPRltQRI(oPR 0 0QR)JAtQR x tpRI.
Q.R

947

(13)

Now, due to the translational symmetry of the lattice, the coefficients U(Q, R, S)
depend only on the magnitudes and relative orientations of the vectors t QR and t SR' This
dependence may be expressed as

Therefore, in the summations above, employ the following definitions:

(14)

first summation

A(:::~:V = U(Q, P, S)

second summation

third summation

then

3

tQP = (a/2) L e«h«
«"'I

3

tsp = (a/2) I e«h~
«=1

3

t PR = -(a/2) L e«h«
«'" 1

3

tSR = -(a/2) I e«h'«.
«= 1

3

tQR = -(a/2) I e«h«
«'" 1

3

rPR = -(a/2) L e«h~.
«"'1

Then, the angular force contribution to the force on particle P is:

H 3

FP = L L A(=}=~=ne«{(a«+a~)(allA!J.lh2h3 + a/JA.~ih2h3)+ (all +ap)(a).~lh2h3 +a~~ih2h3)
hlh2h3 ac.1l '" 1
hih2hi

- (a~allA.~lhh + aaca/JA.~ it - h - h)}/(a/2)2((1(1')2((1(1' - r 2
)

where

3 3 3

(1 = I h~,(1' = I h~2,r = L h«h~,aac = (h~(1-hac't)(1',a~ = (h«(1'-h~'t)(1,a. = 1,2,3.
ac"'l ac"'l ac=1

(15)
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From the definition of the A(=I=I=O and equation (14) it is easily shown that A(=I:I=V =
A(%l=~==D, etc. Using this, the double summations on the indices ha;, h~ over both positive
and negative values can be replaced by summations over non-negative values. First define:

3

M(=I=~=V = L ea;[2(aa; + a~) [aa;OO(A~,hzh3)+ a~Oo(A~'hih,)] - 2aa;a~Oo(Aj,hh)
a;.p.y= 1

+ lea;pyl ([ay(aa; + a~)+aa;(ay+a~)]Op(A~,hzh3)+ [aiaa; + a~)+ a~(ay+ a~)]Op(A~,hill3)

- (a~ay+aa;a~)OP(AJ'hh)} ]/(a/2)2(uu' - r 2
),

then employing the convention:

A(h,hzh3 )M(h,hZh3 ) _ A(h,hzh3)M(h,hzh3) +A(h,hzh3 )M(h,hzh3 )
hlhi±ll, hlhi±ll, - IIll1ih, hillill, hllli-h, IIll1i-II,'

etc., the angular force contribution to the force on particle P is:

3 H

Fp = n [1-(bh~0+bh~0)/2+blJ",,0/4] L A(~:l'~:\i±ll,)M(~~f~hi±llJ, (16)
a; = 1 h,.II,.h3 = 0

hl.hi.II,=O

where

ha; = h~ = 0

otherwise

3. BOUNDARY CONDITIONS

A free boundary is formed by the removal of all particles on one side (PI < 0) of the
layer PI = O. The boundary conditions state that the sum of all forces on a particle, which
arise from interaction with any of the removed particles, is zero.

(a) Central force terms

The boundary conditions on the central force contributions are obtained from equation
(8) by restricting the summation over index hi to hi +PI < 0 and setting the result equal to
zero. This restriction has no effect on the summations over the indices h2, h3 ; so, after
proceeding in a manner similar to that used to obtain equation (9), the result is:

H 3 3

o = L L n (1- bhoo/2) L A(hlh2h3)ea;[h~Oo(A~,hzh3) +lea;pylha;hpC>y(Af,II,h3)]
h,+p, <011,,113=0 .=1 a;./J.y=1

+(hi+h~+h~), (17)

where the operators Oy(A~,hzh3)are obtained from the operators Oy(A~,hzh3)'equation (10) by
setting A~h,h,h3 = A~h,II,-h3 = A~h,-hzh3 = A~h,-II,-h3 = O.

(b) Angular force terms
The boundary condition on the angular force contributions is obtained from equation

(13) by restricting the summations over hi and h~ to cases where one or both of the particles
in the interaction have been removed and setting the sum equal to zero. The summations
over the indices h2, h;, h3, h; are unaffected by the restrictions placed on the summations
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over hI and hI.. Each ofthe three summations in equation (13) yields three sums contributing
to the boundary conditions: in each of the first two contributions, one of the interacting
particles, Q or S, R or S, Q or R has been removed, in the third contribution both particles
have been removed. Employing the same definitions as previously, the angular force
contribution to the boundary conditions is:

0=

where

3

A/(:i:~::) = A<:i:~::) n [1- (15"0+c5~o)J2+c5..~0/4J,
",=2

3

M(:i:~:O = L e",(a",+a~){a",Oo(A~,1I2113)+a~Oo(A~III~II~)+ le",pyl[al>p(Ahlllill3)
"',P,1= 1

3

M*<:t:iW = L e..a~{(a",+a~)Oo(A~ill~II~):....a",Oo(Ajd2.i3)+le"'P11[(a1+a;)Op(Ah III~II~)
""P,1= 1

(18)

- a10p(A) Ihi3)J}/(a/2)2(aa')2(aa' - 't'2).

Adding expressions (17) and (18) yields the boundary conditions on the boundary layers
PI = 0,1,2, ....

4. DIFFERENCE OPERATORS

For a function

define the differences:

A;Fp = F(P+e",)-F(P)

E..Fp = F(P+e..)

.1.~Fp = .1.: .1.;Fp

Then

.1.;Fp = F(P)-F(P-e",)

E..Fp = F(P-e..)

.1.",Fp = i{.1.: +.1.;)Fp (X = 1,2,3.

(19)

where E~Fp = E",(E..Fp), etc. and 1 is the operator identity symbol. These expressions are
substituted for the terms in the difference operators equation (10~ and the results expanded.
The general expressions for the results are given in the Appendix; for the present work,
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however, the restrictions ha :s; 3, (l( = 1, 2, 3 have been imposed, which yield the expressions:

OO()·~,h2h,) = { n[2 + h~a~ + (bh.82 + Mh.83)a: + oh.83a~J - 8} U~IP2P3
/l=1

01(A~,h2h3) = 4{[2 +hiai +(bh,2 + Mh,3)M + bh,3MJ /l62 [h/la/l+ (Oh.82 +4bh.83)a~a/l

+ bh.83a:a/lJ} U;'P2P3

02(A~,h2h,) = 4{[2 + h~a~ + (Oh22 + M h23 )a1 + bh23a~J /l61,3 [h/la/l + (bh.82 + 4bh.83)a~a/l

+ Oh.83a:a/lJ} U;IP2P3

03(A~,h2h3) = 4{[2 + h~a~ + (Oh32 +Mh33)aj + Oh33a~J i].l [h/la/l + (bh/l2+ 4bh.83)a~a/l

+ Oh.83a:a/lJ} U;'P2P3'

5. INTERACTIONS PRESENT

We wish to consider a model which contains all central and angular interactions that
give rise to finite difference equations of motion of order not higher than 2K, where K is
some positive integer. Any interaction which would lead to finite differences of an order
higher than 2K in the equations of motion is eliminated from consideration. The finite
differences appearing in the equations of motion due to each interaction are expressed in
terms of the difference operators Oa(Af,h2h,) by equations (8) and (16). These difference
operators are expressed in terms of central differences by equation (10). The highest order
central differences that appear in the operators OiAf,h2h,) are: in Oo(Af,h2h,) the order of the
highest difference is 2(h1+ h2+ h3); in 0a(Af,h2h3), (l( = 1,2,3, this order is 2(h1+ h2+ h3-1).
The restriction that any interaction considered shall give rise to differences of orders :s; 2K
requires that hi +h2+h3 :s; K, unless the coefficients of Oo(Af,h2h,) in the equations of
motion vanish. If this is so, the restriction requires hi + h2+ h3 :s; K + 1. The coefficients of
Oo(Af,h2h3) for the central and angular force contributions will now be investigated.

For the central force contribution to the force on a particle, equation (9) shows that the
ea component of the force contains the term h;OO(A~,h2h3)' The requirement that this term
vanishes for (l( = 1,2,3 results in ..1 particle interacting with itself. Therefore, for the central
force interactions considered, hi + h2 + h3 :s; K.

For the angular force contribution to the force on a particle, equation (16) shows that
the ea component of the force contains the terms aa(aa+a~)Oo(A~,h2h3)' O(~ +aaOO(A~,h2h3)

and aaa~Oo(Aj'hj,).Since the first term becomes identical to the second under an interchange
of indices, it is sufficient to examine only the first and third terms.

The requirement that the first term vanishes for (l( = 1, 2, 3 yields, when summed over (l( :

0'0"(0" - J)(O'O" - 't2) = 0

but 0'0"(0'0" - J2) :F 0, since it is assumed that there are three non-collinear particles in the
angular interaction. There remains 0" = 't, then

al(al +al) = (0'-O")'t2hl(h~0'-hlO'~) = O.
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The possibilities are:
1. (1 = (1', but then (1(1' - 1'z = 0, which is not possible;
2. hI = 0, but cyclical permutation gives hz = h3 = 0, which is not possible;
3. r = 0, but then (1' = 0, which is not possible;
4. h~(1-hl(1' = °or h~ = hI(1'/(1; but cyclical permutation gives h'z = hz(1'/(1, h~ =

h3(1'/(1, which lead to (1(1' _rz = 0 which is not possible.
The result is that it is impossible to satisfy the requirement that the term aa.(aa. +a~)

x OO(A~,hzh3) vanishes for 0( = 1, 2, 3. Therefore, for the angular force interactions considered
hI +hz+h3 :s; K., and on account of the symmetry noted above, h~ +h'z +h~ :s; K.

The requirement that the third term vanishes for 0( = 1, 2, 3 yields, when summed over
a:

(1(1'1'«(1(1' - r Z
) = °

which is possible only if l' = O. With this, the requirement is that hIh; = hzh'z = h3h~ = O.
It is therefore possible to have interactions for which j I +jz +j3 = K +1 if ha.h~ = 0,
0( = 1,2,3.

Consider a model of a f.c.c. lattice for which K = 3, i.e. a model containing all the
interactions which lead to sixth order difference equations of motion. From the above
considerations, the only possible values for the indices ha.' h~ in the central and angular
force interactions are the permutations of (110) and (200). The possible combinations for
the angular interactions are presented in Table 1, and the interactions considered are noted.

TABLE 1. CoMBINATIONS OF THE INDiCES (h,. hz, h3), (hi, h2,h;) WITH THE ANGULAR INTERACTIONS PRESENT AND
THE CORRESPONDING FORCE CONSTANTS

h,hzh3 h;h2h; iJzh r Commenis Force constanis

1 1 0 1 1 0 0 0 0 2 Omitted, particle inieracts with itself
1 1 0 0 1 1 -1 0 1 1 Retained K , = 4A(~1~)
1 1 0 1-1 0 0-2 0 0 Retained Kz = 4A(J ~OlO)

1 1 0 0-1 1 -1 2 1 -1 Omitted. litl +lizl +U31 = 4, r "# 0
1 1 0 -1-1 0 -2-2 0 -2 Omitted, U,I +Uzi +U31= 4, r "# 0
1 1 0 2 0 0 1-1 0 2 Retained K 3 = 2AO~g)
1 1 0 0 0 2 -1-1 2 0 Retained K 4 = 2A(m)
1 1 0 -2 0 0 -3-1 0 -2 Omitted, U,I +U21 +U31 = 4, r "# 0
2 0 0 2 0 0 0 0 0 4 Omitted. particle interacts with itself
2 0 0 0 2 0 -2 2 0 0 Retained K s = 4A(~~g)
2 0 0 -2 0 0 -4 0 0 -4 Omitted. till +1i21 +li31 = 4, r "# 0

There are therefore seven interactions considered: two central force, with coefficients
A(110), A(2oo), and five angular, with coefficients A(Am, AW·oIO)' AOA8), A(M~), A(~~8).

These coefficients may be related to the central and angular force constants. For the central
force constants Cj,j = 1,2, using equation (3) and the fact that ApQ = AQp yields

C1 = A(110), Cz = A(200).

A similar argument holds for the angular force coefficients if an additional factor is intro­
duced in the instances where the summation over the indices counts an angle more than
once. The method employed was to consider every permutation of the indices (h I hzh3 ),
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combining each permutation with all possible combinations of the indices (±h/
1 ±h;' ±h;)

consistent with the particular angular interaction. For the instances in which the indices
(h~h;'h;) are some rearrangement of the indices (h 1h2h3) this method counts each angular
interaction twice. Consequently, in these instances an additional factor oftwo is introduced
in the relationship between the force constants K j , j = 1, ... ,5, and the coefficients
A(:\:~:~). These relationships are summarized in Table 1.

Typical illustrations of the particles participating in each of the seven interactions are
shown in Fig. 1.

6. EQUILffiRIUM EQUATIONS, BOUNDARY CONDITIONS

Substituting the values of the indices, for the interactions considered, into equations (9)
and (16) yields the equilibrium equations:

MO~'P2P3= B10 0(,q 10 + ..1.~01)+ B20 0(..1.A11) + B3[03(..1.i 10)+02(..1.f01)] + B400(..1.~00)

+ BsOo(..1.A20 + ..1.A02) + B6[02(..1.~ 11 + ..1.f21) +03(..1.~11 +..1.i 12)] (20)

+ B7[03(..1.~20)+Oi..1.~02)]'

or, with the difference operators expanded,

MO~'P2P3 = [blAi + b2(A~ + A~) + b3At + b4Ai(A~ + A~) + bs(A! + Aj) + b6A~A~]U;,P2P3

+ [b7A~ +b9(Ai +A~)+bl0A~(Ai +A~)+b11AiA~]A1A2 U;,P2P3

+ [b7+ bsA~ + b9(Ai + A~) + bl0A~(Ai + A~) + bllAiA~]A1A3 U~'P2P3' (21)

where

B1 = Cd4+2(K l +K2 +K3)/a2

B2 = 2(K 1 +2K4 )/a2

B3 = Cd4+(K l -2K2 )/a2

B4 = C2/4+K2/a2

b1 = 2C1 +4C2+ 16(K1 +2K2+K3)/a2

b2 = C 1 +8(2K 1 +K3 +4K7 +2K s)/a2

b3 = C2 +4K2/a2

b4 = Cd2+4(K l +K2 +K3 )/a2

bs = 2( - K 2 +2K4 +2Ks)/a2

b6 = 4(K 1 +2K4 )/a2

Bs = (-K2/2+K 4 +K s)/a2

B6 = K4/a2

B7 = K s/2a2

b7 = 2C1 +8(K1 +2K2 +4K4 +2Ks)/a2

bs = 16K4 /a2

b9 = 8(K4 +Ks)/a2

b lO = 4K4 /a2

b11 = 4Ks/a
2

The corresponding equations for the equilibrium of the e2 and e3 components may be
obtained by cyclical permutation.
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For the particular boundary chosen, PI = 0 there are only two layers of particles,
PI = 0, 1 on which there are boundary conditions. The boundary conditions on the
normal e1 components are:

o= IX~ Oo(A~10 +A~od+IX~Oo(A~l1)+IX~OO(A~oZ +A~zo)+IX~[03(A~10)+ OZ(A~OI)]

'7'\ Z 7'\ 3 '7'\ Z 7'\ 3] '7'\ 11 11+lXs[V3(A01d+ VZ(A01d] + 1X6[V3(AOZO)+VZ(AooZ) + 1X7VO(II.-110 +1I.-10d
'7'\ z 7'\ 3 . 7'\ Z 7'\ 3 ' 7'\ 11+ lXs[V3(L 110)+ VZ(A- 101)] +lXg[V3(A_ 1Z1)+ Vz(A-11Z)] +lXiovo(lI.-zoo)

+ IX~ 1[03(A~Zll)+OZ(A~Zl d] +1X~z[03(A~zzo)+ OZ(A~ZOZ)]' (22)

and the boundary conditions on the tangential, ez components are:

o = P~Oo(A~10)+P~OO(A~11)+ P~Oo(A~zo)+P~OO(A~oz)+ P~OiA~10)

+ P~03(A~1l)+ P;03(A~ZO) + P~Ol(A~l1)+ P~Oo(A~ 110)
'7'\ z '7'\ 1 '7'\ 1 '7'\ 3 3+ PiOVo(A_10d+ Pi1 V3(A_11O)+ PiZV3(A_1Z1)+ Pi3Vl(L 1Zl +L 1tz>

P' 7'\ Z P' 7'\ 1 '7'\ 1+ i4VO(A-zoo)+ isviA_Z11)+ Pi6ViA-zzo), (23)

where the superscript i identifies the layer in which the particle is located, and the coeffi­
cients are:

IX? = IX~ = IX~ = -m1 = K3/2az, IX~ = P?o = 2(K1+2K4)/az,

IXg = P?4 = P~4 = (-Kz/2+K4+Ks)/az, IX~ = -P~ = (3K1+K4)/az,

IX~ = - P~ = (Kz+K3+2K4+ K s)/2aZ, IX~ = pg = C1/4+2(K 1+Kz+K3)/az,

IXg = P?l = -Ctl4+(-K1+2Kz)/az,

IXg = IX?! = -IX~ = IX~! = -P~ = P?z = -P?3 = P?s = P~ = ms = -K4/az,

1X?0 = 1X~0 = Cz/4+K4/8az, lX?z = -IX~ = lX~z = P?6 = P~ = P~6 = -Ks/2az,

IX~ = lXi = IX~ = m = P~ = P~ = Pi = P~ = P~ = mo = P~z = P~3 = 0,

IX~ = 4K4/az, IX~ = Ks/az, IX~ = P? = -P~ = P~ = (K z+K3/2)/az

P~ = 2Ktlaz, pg = Kz/2az, pg = K 1/a
z

The boundary conditions on the tangential, e3 components may be obtained by a cyclical
permutation on equation (23).

7. EVALUATION OF THE FORCE CONSTANTS

The seven force constants are determined in terms of the three classical elastic constants
and the following frequencies, measured at the Brillouin zone boundaries:

1. VI' the frequency of a longitudinal wave in [100] direction;
2. V4 , the frequency of a tangential wave in [100] direction;
3. vs , the frequency of a Tz wave (wave vector parallel to [lIO]) in [110] direction,
4. V7 , the frequency of a tangential wave in [111] direction.
These conditions yield seven linearly independent equations for the seven force con­

stants. The frequencies of the longitudinal waves at the Brillouin zone boundary in the
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[110J and [111J directions, V2 and V3 respectively, and the frequency of the tangential, T1 ,

wave at the Brillouin zone boundary in the [110J direction, v6 , yield redundant expressions.
The results for the force constants are:

C1 = {a[4Cn(3 +4.J2)-4C44(5+4.J2)-4Cll(l +2.J2)J +4n2M[2d(4+3.J2)

+vi(l +.J2)+4v~(3+2.J2)-16vm/16(1 +.J2),

C2 = {a[4Cll(2+ 3.J2) + 4C44(5 +4.J2)-4C12(l +2.J2)-4n2M[2vi(4+ 3.J2)

+ vi(l +.J2)+4v~(3+ 2.J2)-16vm/16(1 +.J2),

Ktla2 = {a[4(Cll-C12-C44)]+4n2M[4v~+2vi(4+3.J2)-16v~

- vi(l +.J2)J}/64(1 +.J2),

K2/a2 = {a[2(l +2.J2)(C12 - Cll)- 2C44(5 +4.J2)] +4n2M[2v~(3+2.J2)

+ vi(4+3.J2)- 8vm/32(1 +.J2),

K 3/a2 = {a[16.J2C 12 -16C44 - 8Cll (l + 3.J2)] +4n2M[3vi(l +.J2)+ 2vi(7 + 3.J2)

+8v~(5 + 3.J2)-64vm/128(l +.J2),

K4/a2 = {a[2(C I2 + C44 - C1d] +4n2M[8v~ - 2v~ - vi(3 + 2.J2)]}/64(1 +.J2),

K s/a2 = {a[2.J2(C12 - C1d- 2C4i2+.J2)] +4n2M[2v~(2+.J2)+vi(3+2.J2)

-8vm/32(l +.J2). (24)

The sixth order terms in the finite difference equations of motion are contributed
solely by the angular interactions represented by the force constants K 4 and K s [Figs.
1(f) and 1(g)]. If these interactions are eliminated, then the remaining interactions include
those considered by Yuen and Varshni [5J, represented by the force constants C1 , C2 ,

K 2' K 3' and an additional angular interaction represented by the force constant K 1 .

These five remaining force constants are determined in terms of the three classical elastic
constants and the frequencies v1 and v4; the results are: '"

(25)

If VI = 2vi, then these become identical to Yuen and Varshni's results [5].
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The sum of the distances between the three particles participating in an angular inter­
action is the least in the case of the interaction represented by the force constant K 1 .

If only this angular interaction, together with the two central force interactions, are con­
sidered, the force constants may be determined in terms of the three classical elastic
constants as :

C1 = a(2C12 +C44)/3,

C2 = a(3Cll -2C12 -4C44)/12,

Ktla2 = a(C44 -C12 )/24. (26)

Svensson et al. [6] present the following data for copper at T = 296°K:

a = 3-147 x 10- 8 cm VI = 7·19 X 1012 cis

Cll = 16·85 X 1011 dyn/cm2 V4 = 5·08 X 1012 cis

C12 = 12·15 X 1011 dyn/cm2
Vs = 4·55 X 1012 cis

C44 = 7·55 X 1011 dyn/cm2
V7 = 3·37 X 1012 cis

Table 2 presents the resulting values of the force constants for the four models: the model
containing seven interactions, the model containing five interactions, Yuen and Varshni's
model with four interactions and the model with three interactions.

TABLE 2. THE FORCE CONSTANTS FOR COPPER AT T = 296°K. VALUES IN UNITS OF 103 dyn/cm

Force Seven Five Yuenand Three
constant interaction model interaction model Varshni model interaction model

C, 37·26 35·20 35·22 38·38
C2 -0·0751 1·984 1·962 -1·189
Ktla2 0·1324 -().OO542 -().6953
K 2/a 2 ()'4616 -0.Q5297 -0.Q476
K 3/a2 -().0697 -0·9871 -0·9917
KJa2 -().0689
K s/a2 0·3262

The dispersion curves for longitudinal and transverse bodily waves in the [100], [110]
and [111] directions were computed for each model and are compared to the experimental
results in Figs. 2(aHc). The results obtained from the model containing only three inter­
actions, two central force and one angular (Kt>, are clearly inferior to those obtained by
Yuen and Varshni. The model containing five interactions (Yuen and Varshni's model
plus K 1) yields results which are indistinguishable from those of Yuen and Varshni. The
model containing seven interactions yields results which show a small, but significant,
improvement in the match with the experimental results.

8. SHEAR WAVES

In an infinite lattice, - 00 < PI' P2' P3 < 00, consider displacements

Vi - V 3 - 0
P,P2P3 - P'P2P3 - ,

V 2 = f(P )ei(P38 - COI)
P'P2P3 I . (27)
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These displacements represent waves with displacement perpendicular to the wave-normal
and parallel to the principal crystallographic plane P1 = const. With these displacements,
the first and third equations of the type (21) are satisfied identically and the second is
satisfied if

0= bsAi!(pd+[b2-2b6(I-cosO)]Ai!(P1)+[ -2b2(1-cosO)

+4bs(1-cos 0)2 + Mw2]f(P1)

Assuming solutions of the form f(P1) = A e~Pl yields:

(I-cos ~1.2) = {[b2- 2b6(I-cos 0)] ± [b~ -4bsMw2+4b2(2b s - b6)(I-cos 0)

+4(b~ -4b;)(I-cos 0)2]t}/4bs . (28)

The general solution for the displacements is then:

U;IP2P3 = [A 1cos ~lP1 +A2cos ~2P2] ei
(P38-WI)+[A3 sin ~lP1 +A4 sin ~2P2]ej<P38-wt), (29)

where the ~1.2 are, in general, complex numbers. As may be seen from equation (29) the
solution is separable into two parts: one symmetric, and one antisymmetric about the
plane Pt = O.

The behavior of the roots ~ 1.2 of equation (28), as functions of the frequency, will now
be analyzed. Let

then

j = 1,2.

For

w2 ~ w; = [b~+4b2(2bs-b6)(I-cosO)+4(b~-4b;)(I-cosO)2]/4bsM,

the parameters <Pj are real. In this case

sin Xj sinh t/Jj = 0

and there are three regions:

1. <Pj < 0: the roots are ~j = i"'j where cosh t/Jj = 1-<pj;

2. 0 ~ <Pj ~ 2:therootsare~j = Xj wherecosXj = 1-<pj;

3. <Pj> 2: the roots are ~j = 1t+i"'j where cosh t/Jj = <pj-l;

Now, the minimum value of <P1 occurs when w = Wc' This minimum value is:

<P1min = [b2- 2b6(I-cos 0)]/4bs,

which for most materials, is »2, since it is essentially a ratio of the lowest to a higher order
interaction. Consequently, the first root is ~t = 1t+it/J1' where cosh "'1 = <P1-1.

For the second root, define:

w; = 2(1- cos 0)[b2- 2bs(1- cos 0)]/M,

wt = {2(1-cos 0)[b2- 2bs(1-cos 0)] +4[b2- 4bs - 2b6(I-cos O)]}/M,
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then:forO ~ W < w",then4>2 < 0,andthesecondrootise2 = it/J2,wherecosht/J2 = 1-4>2;
for w" ~ W ~ Wb, then 0 ~ 4>2 ~ 2, and the second root is e2 = X2, where cos X2 = 1- 4>2;
forwb < W ~ We' then 4>2 > 2,andthesecondrootise2 = 7t+it/J2,wherecosht/J2 = 4>2-1.

For high frequencies, w> We' the parameters 4>1,2 are complex conjugates. For this
case, define:

then

1- OCl ± iOC2 = cos Xl,2 cosh t/J 1,2 - i sin Xl,2 sinh t/J 1,2'

Substituting Xl,2 = 7t±i and simplifying yields el.2 = 7t±i+it/J, where t/Jl = t/J2 = t/J.
The graphs of ej = eiw2) are given in Fig. 3. For W < We the graph of el = el(W2) =

7t + it/J 1 is a smooth curve, rising vertically at W = 0, thereafter with continuously decreasing
slope until at W = We the curve becomes horizontal. For W < we> the graph of e2 = e2(W2)

2w.

/
/

f­
I
I /;/
I
I
I
I

. I /

-y/
/

/

Re~(x)

FIG. 3. Graph of the roots ej = ejro2),j = 1,2.
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is composed of three smooth curves: the first curve, e2 = it/!2' rises vertically at W = 0,
thereafter with continuously decreasing slope until at W = W g , e2 = 0, and the curve
becomes horizontal; the second curve, e2 = X2 starts horizontally at W = W g , e2 = 0
and rises until it again becomes horizontal at W = Wb,e2 = n;thethirdcurve,e2 = n+it/!2
starts horizontally at W = Wb' e2 = n and rises until it again becomes horizontal at
W = WC' For w> Wc the graphs of e1.2 = eI,2(W2) = n±i.+it/! are two smooth curves,
each the image of the other reflected in the e = n plane.

9. THICKNESS-TWIST WAVES IN A COPPER PLATE

Consider an infinite plate bounded by the free surfaces PI = ±N. The waves described
in the previous section, propagating along this plate, are called thickness-twist waves.
Substituting the solution of that section, equation (29) into the difference operator
Oa(A.f,hzh3) defined in Section 3(a), results in:

OO(A.~lhzh3) = 4[A lg ll (h l , h3, pd + A 2g 12(h l , h3, pd + A 3g21(h l , h3, pd

+A~22(hl' h3, PI)]ei(Pltl-Wl),

where

glihl,h3,pd = cos(h38)coseihl+PI)-COSejPI'

g2ihl' h3, PI) = cos(h38) sin ej(h l +Pl)- sin ejPI' j = 1,2.

Consider, first, only the symmetric solution. The boundary conditions yield; for
PI = -N

0= AI[Mgll(1,O, -N)+P~gll(O, 1, -N)+P~1l(O,2, -N)+Pggll(-I,O, -N)

+P?ogll(-I, 1, -N)+M~1l(-2,0, -N)]+A2[P?gd1,0, -N)+MgdO, 1, -N)

+P~12(0,2, -N)+PGGd-l,O, -N)+P?~d-l,1, -N)+P?~d-2,0, -N)]

and, for PI = - N + 1

o= AI[P~ll(-I,O, -N+l)+P~~1l(-2,0, -N+l)]

+A2[P~d-l,O,-N+l)+M~d-2,0,-N+l)].

Now,

(30)

(31)

so the boundary conditions at PI = N, N -1 yield no additional information.
Setting the determinant of the coefficients in the boundary conditions equal to zero

yields the secular equations:

o = [P~PI] cos elN cos e2N + [P~P2 +2P~4P5] cos elN sin e2 N sin e2

+[P~P3 +2P~4P6] sin elN cos e2N sin el +[(P~+2P~4)P4]sin elN sin e2N, (32a)
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for the symmetric case and

o = [P~Pd sin ~ IN sin ~zN - [P~Pz + 2m4PS] sin ~ IN cos ~zN sin ~z

- [P~P3 + 2P~4P6] cos ~ IN sin ~zN sin ~ I + [(P~ + 2P~4)P4] cos ~ IN cos ~zN, (32b)

for the antisymmetric case, where

PI = [Ml +2MzcPlcPZ](cPl -cPz),

Pz = M l +2M3 cPl +2MzcPl[3-(cPl +cPz)],

P3 = -{Ml +2M3cPz+ 2MzcPz[3-(cPl +cPz)]},

and

P4 = - 2Mz(cPl - cPz) sin ~l sin ~z,

Ps = M l +M4 cPl +2MzcPl(2-cPd,

P6 = -{Ml +M4cPz+ 2MzcPz(2-cPz)},

M I = (P~ + P?0)(1- cos 0) + P~(l- cos 20),

M z = P?4,

M 3 = P~+P?ocosO,

M 4 = P?+p~+MocosO.

(33b)

In Section 8 it was shown that for most materials, cPl ~ [bz - 2b6(1- cos O)]/4bs » 2.
Then ~ I = n + i'" I, where cosh'" I = cP I - 1 » 2, and therefore

cos ~IN = cos(n+i"'dN = (_I)N cosh "'IN

sin ~IN = sin(n+i"'I)N = (_I)N sinh "'IN

Now, unless N is very small, the argument of the hyperbolic functions, '" IN is quite large
and the approximation cosh "'IN ~ sinh "'IN is valid. Using this approximation, the
secular equations may be reduced to

o= {P~PI + i[P~P3 + 2P~4P6]sin ~d cos ~zN

+ {[P~Pz + 2P~4PS] sin ~z + i[(P~ + 2m4)P4]}sin ~zN, (33a)

for the symmetric case and

o= {[P~Pz + 2P~4PS] sin ~z + i[(P~ + 2m4)P4]} cos ~zN

- {P~PI + i[P~P3 + 2m4P6] sin ~l} sin ~zN,

for the antisymmetric case. These are the secular equations employed in the present
calculations.

Figure 4 presents the real branches of the dispersion relation for the thickness-twist
waves in a plate 15 layers thick: N = 7. The parameter s identifying each curve is the
number of nodes through the thickness; the curves with an even number of nodes are the
symmetric solutions, those with an odd number are the antisymmetric solutions.

Analysis of the problem by the theory of elasticity leads to the well known dispersion
relation which may be written as :'

Wcont = (n/2h).JC44/P[Sz+(2h,,/n)Z]t,

= [2n/(2N + l)a].J[C44/p] [SZ +(4hO/na)]t, s = 0, 1,2,.... (34)

where 2h = (2N + l)(a/2) is the plate thickness and" = 20/a is the wave number. The
cutoff frequency for the first antisymmetric mode, i.e. wcont(s = 1,,, = 0), is denoted as (jj
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FIG. 4. The real branches of the dispersion relation for N = 7: face-shear (S = 0) and thickness-twist
(S = 1, ... 14) waves in a plate.

and is used as a reference frequency. This reference frequency has the value 3·38 x 1012 rad.!
sec in the present case. The normalized frequencies for the continuum are then:

s = 0,1,2, .... (35)

The infinity of real branches of this continuum dispersion relation are all hyperbolic
curves extending from low frequency cutoffs at '1 = 0, (J)conJw = 0, 1,2, ... ,00 to infinite
frequencies and wave numbers. On the other hand there are only a finite number, 2N +1,
of modes of vibration for the lattice, corresponding to 0, 1,2, ... , 2N nodes through the
plate thickness, and therefore only 2N+1 branches in the dispersion relation. Each of
these branches has a high frequency cutoff at () = 1t in addition to a low frequency cutoff·

* For the present case, these low frequency cutoffs are very closely approximated by:

_ [iJ(aN +1). lts] [iJ(aN +1). ltS] 2
ro/ro = sm -0'()()122 sm ,s = 0,1, ... < 2N+ 1

It 2(2N+ 1) It 2(2N+ 1)
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S = 0, 1, ... < 2N + 1.

at B = O. Therefore the continuum is a good approximation to the lattice only in the low
frequency, long wavelength (.A. = 'Ita/B) region. All wavelengths, along and through the
thickness of the plate, must be large in comparison to a for the continuum approximation
to' be valid.

The displacements are given by:

U;IP2P3 = A2[(AdA2)( _!)pI cosh tjJ1P1 +cos e2P1]ei
(P3

8
-

w
t), (36a)

for the symmetric case and

U;IP2P3 = A4[(A 3 /A4)( -1)p' sinh tjJ1P1 + sin e2P1]ei
(P38-Wl), (36b)

for the antisymmetric case, where, from the PI = - N + 1 boundary condition

/ (-It+ 1{[P~¢2] cos e2N - [(P~ + 2Pt4) sin e2] sin e2N }
Al A2 = cosh tjJ1N[P~¢1-(p~+2m4)(¢i-2¢1)t] ,

A /A _ (-I)N+1{[P~¢2] sin e2N + [(P~ + 2m4) sin e2] cos e2N }
3 4 - cosh tjJ1N[p~¢1-(p~+2m4)(¢i-2¢dt]

The mode shapes for lJ = 0 are shown in Fig. 5. It is apparent that for the first few
modes the mode shapes are close approximations to sinusoidal curves, and it is for these
modes that the continuum approximation is valid. However as the number of nodes
through the thickness increases, the mode shapes differ more and more markedly from
sinusoidal curves and the continuum approximation loses its validity even for long wave­
lengths along the plate.

The displacements consist of the sum of two waves across the thickness of the plate.
The first wave has a complex wave number, e1 = 'It + itjJ 1, the second, a real wave number,
e2 = X2' The variation of these wave numbers with the wave number along the plate, lJ,
for 0 ;s; B ;S; 'It, is slight: tjJ 1remains constant to within 0·1 per cent, while X2 varies by about
3 per cent. Therefore the mode shapes remain essentially constant as the wavelength
along the plate varies.

Mindlin [3] has analyzed the problem of the thickness-twist vibrations for a lattice
plate consisting of a simple cubic material having nearest and next-nearest neighbor
central force interactions and angular interactions between three successive, non-collinear
particles. He obtains the following closed form solutions for the dispersion relations and
the displacements

w/w = [2(2N + 1)/'It{sin22(2~S+ 1) +sin2(lJ/2)].

U2 - [A 'ltSPl A . 'ltSPl ] i(p38 - W1 )
PIP2p3 - 1cos 2N + 1+ 2sm 2N + 1 e ,

The displacements here are given by one wave across the thickness with wave number
s'It/(2N + 1). If w is assigned the value 3·38 x 1012 rad./sec, its value for the present case,
these equations give results for the dispersion curves and mode shapes which are indis­
tinguishable from those presented in Figs. 4 and 5.
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FIG. 5. Frequencies and mode shapes, (J = O.
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APPENDIX
The difference operators may be written as:

Then, expanding the terms:

h1(h 1 -1)(hl -2)(hl -3) (A+4 A-4)
+ 4! £.\1 +£.\1 + ... ,

E~l_E~1 = (l+~nhl-(l-~l)"l

h1(h1 -l)(h l -2)(h l -3) (A+4 A-4
+ 4! £.\1 -£.\1 )+

And, in terms of the central differences:
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Then

KEvIN J. BRADY

hl (hl -l)(hl -2)(hl -3) (A6 2A4)2A+ 4! ill + ill ill + ....

The final forms are obtained by substituting these terms into the expressions for the
operators.

(Received 15 October 1970)

AGcTpurr-QUpe,L\eJlJlIOTCIi XOHe1fllO pa3HOCl'HYe ypuHeHHII ,LIBlIXl:eHHII mecToro uoplI,LIKa H

upHCOC,LIHHeHHWe xpaeBWe YCJIOBHII ,II,JIJI rnaBHWX DnOCKOCTeA ,II,JIJI rpaHeQeHTpHPOBaHHOA Ky6H'1ecKoA

ceTKH M8CCOBWX 'IllCTHQ. Pem8lOTCll YPaBHeHHII ,II,JIJI BOnH C,LIBHfOB rpaHH H C,LIBHfOB uo TOnUJ,BHe, B
DnacTHHXe C ,LIByMlI CB06o,LIHWMH rpaHlIMH. ,QaeTCli paC'leT BH,L\OB xone6aHHl H CUeKTpW '1aCTOTW ,II,JIJI

Me,L\ll. Pe3ynbTaTW cpaBHHBaIOTCIi C Dpe,L\W,L\)'lQllM pemeHHeM ,LIn1i upoCToro Xy6H'IecXOro M8TePRana

H C pemeHHeM xn8CCJ111ecXHX ypuHeHHA yupyrOCTH.


